Dendritic spines are the morphological basis of excitatory synapses in the cortex and their size and shape correlates with functional synaptic properties. Recent experiments show that spines exhibit large shape fluctuations that are not related to activity-dependent plasticity but nonetheless might influence memory storage at their synapses. To investigate the determinants of such spontaneous fluctuations, we propose a mathematical model for the dynamics of the spine shape and analyze it in 2Drelated to experimental microscopic imagery -and in 3D. We show that the spine shape is governed by a local imbalance between membrane tension and the expansive force from actin bundles that originates from discrete actin polymerization foci.
Introduction 1
Dendritic spines are small protrusions from neural dendrites, which form the 48 foci in one spine, which are well-separated from each other and can be identified from 49 their increased polymerization rate. It can be assumed that these foci generate the main 50 expansive force that underlies shape fluctuations, which are usually inhomogeneous and 51 asymmetric. Additional to polymerization of new actin monomers (P) at the barbed ends, other events can occur in actin filaments, such as: branching the barbed ends by inserting branching protein ARP2/3 (B), capping barbed ends with capping proteins (C), uncapping minus end (U) and depolymerizing uncapped minus ends (D). (B) Our model for spine fluctuation assumes that the shape of the membrane is determined by the membrane forces F mem resisting bending and stretching and the forces generated by actin polymerization F f il at a few foci. (C) Actin filaments at the foci are considered to extent laterally to the membrane. Hence, force is proportional to the number of barbed ends at the focus and attenuated by a spatial kernel W (x). The membrane is simulated by a discrete mesh (here depicted by dots) that move every time step proportional to imbalance of the acting forces (black membrane → grey membrane). (D) The dynamics of actin in a focus are abstracted to a Monte Carlo model describing the state of the barbed and pointed ends of any filament. We depict these state representations for the time course shown in A. During simulations, the transitions between different states happen according to the processes described in A with defined rates. Details see main text.
Mathematical models that link actin activity to such asymmetric spine fluctuations 53 are, however, missing so far. Although models of the actin treadmilling process have 54 been derived [16] and adapted to the conditions in the dendritic spine [17] , they have 55 not been connected to spine shape. To evaluate how shape is influenced by actin 56 dynamics, one has to consider not only the forces created by the filaments, but also the 57 counteracting forces from the lipid membrane that encloses the spine. Such models for 58 force generation by actin filaments [20] and their interaction with the membrane have 59 been derived and successfully applied to the movement of bacteria, cell motility 60 ( [21] [22] [23] ; for a review see [24] ), and to explain dendritic spine maturation [25] . Yet, most 61 of these models describe the dynamics of the cell shape based on density descriptions of 62 October 16, 2019 4/31 the actin filaments or assume a homogeneous distribution of F-actin. However, considering the comparably small numbers of filaments within the spine (compare [26] ) 64 a density description is not applicable. The homogeneity assumption, in turn, entails 65 very regular and symmetric spine shapes, which are not observed in experiment 66 (e.g., [27] ) and also not consistent with the existence of actin polymerization foci. 67 Here, we present a model that considers heterogeneous actin dynamics caused by foci 68 of actin polymerization. We use the forces generated by their treadmilling activity 69 together with the counteracting forces from the membrane and the membrane-mediated 70 coupling to other foci to derive a model of spine membrane shape fluctuations in 2D 71 and its extension to 3D. We show that the properties of spine fluctuations are strongly 72 influenced by the dynamics of filament assembly constituting the determinants of the 73 force generation by actin. The central finding of this study is that spine shape 74 fluctuations can be fully explained by the effect that the small number of polymerization 75 foci leads to a discretization of the outwards pushing-force direction, while their limited 76 life time determines the temporal properties of these fluctuations. Thus, we can also 77 show that spine area evolution can be predicted by the number of polymerization foci. 78 Thus, this model provides the required biophysically detailed basis for future extension 79 into investigation of spine shape changes induced by synaptic plasticity. 80 Materials and methods 81 Model 82
Based on the findings of [19] , we assume that the spine shape is determined by a small 83 number of distinct foci of actin polymerization (grey filaments in Fig. 1B) , for which the 84 processes of treadmilling, branching and capping of the filaments are modelled 85 individually (see Sec. Actin dynamics at individual foci). As a consequence, each focus 86
can have multiple barbed ends generating forces that push the membrane outward (see 87
Sec. Actin-generated force, red arrows in Fig. 1B and C). These forces concur with the 88 inward directed forces generated by the membrane's resistance against deformation (see 89
Sec. Membrane force, green arrows in Fig. 1B to grey membrane shape in Fig. 1C ). To simulate this interaction of membrane shape 92 and forces, we use discrete timesteps and the finite elements method. In particular, the 93 membrane is represented by a mesh of points (or vertices) for which geometrical 94 properties, forces and movements are calculated (see S2 Appendix,S3 Appendix).
95
Membrane mesh initialization and morphological constraints 96 As stated above, we represent the membrane enclosing the spine by a mesh of vertices 97 k ∈ {1, 2, ...n vertices } described by their (2 dimensional) position vectors x k . Upon 98 initialization, a polygonal approximation for a circle with radius r s and centered at the 99 origin of the x-y plane is created. As in this study we focus on the shape fluctuations of 100 mature spines, we also implement two major morphological constraints:
101
On the one hand, the spine neck of mature spines typically contains heavily 102 interlinked actin bundles which are rather stable and have a much slower treadmilling 103 velocity than those in the spine tips [28] . Along this line, also the spine neck width is 104 largely stable on the here considered timescale of hours [29] . Therefore, we fix the 105 location of mesh-points at the neck throughout the whole simulation. We establish 106 those fixed mesh points during the mesh initialization by selecting all points x = (x, y) 107
with y ≤ h neck and fixing them to (x, h neck ), here we define y = h neck as the value 108 where x = r neck for y < 0.
109
On the other hand, also the movement of the post-synaptic density (PSD) is 110 constrained as it is heavily interlinked with the presynaptic site. Also, the PSD size on 111 unstimulated spines is conserved over the here considered timescale of hours [30] .
112
Therefore, we also fix the mesh-points (x, y) with y ≥ h P SD to (x, h P SD ), where 113 y = h P SD is the value where x = r P SD for y > 0.
114
Actin dynamics at individual foci 115 The amount of force generated by actin polymerization is assumed to depend mainly on 116 the number of active barbed ends at each polymerization focus. Therefore, we reduce 117 the complicated process of filament assembly, branching and capping at each focus i to 118 the dynamics of the filaments that have uncapped barbed ends abstracting the exact 119 geometrical properties of the branched tree of actin filaments (Fig. 1D ). Each of these 120 active filaments is characterized by the state of its barbed end (normally uncapped) and 121 the state of its pointed end (normally capped or bound to a ARP2/3 complex). The dynamics that change these states are stochastic and simulated in discrete time steps of 123 length ∆ t . Based on Bennett et al. [17] , it is assumed that besides F-actin 124 polymerization, i.e., the addition of new G-actin at the uncapped barbed ends, the 125 following processes can occur at each filament:
126
Uncapped barbed ends branch by including an ARP2/3 molecule and give rise a 127 new filament with a probability ∆ t γ i branch (t).
128
Uncapped barbed ends are capped by a capping protein with a probability ∆ t γ cap . 129
Polymerization is not possible when a barbed end is capped such that this barbed 130 end does not generate force. As uncapping occurs very seldom, these filaments are 131 therefore eliminated from the simulation.
132
Capped minus ends are uncapped with a probability ∆ t γ uncap .
133
Uncapped minus ends are severed with a probability ∆ t γ sever , which leads to the 134 removal of the respective filament.
135
To simulate this, we iterate through all filaments with uncapped barbed ends within the 136 active actin polymerization foci and the above processes in the indicated order. A 137 process occurs at given filament, when a random number drawn for this filament falls 138 below the indicated probability. Afterwards, the remaining uncapped barbed ends in 139 each polymerization focus i are counted and their number B i is used to calculate the 140 expansive force exerted by that focus. Figure 1D shows an exemplary temporal 141 evolution of the active filaments in one of the polymerization foci, where all of these 142 processes occur. The rate values except γ branch (t) (see below) are stated in Table 1 .
143
Following Bennett et al. [17] , the branching rate for a filament γ i branch (t) depends on 144 the number of barbed ends B i (t) at the respective actin polymerization focus i at time t: 145
Note, as this is the probability for each single barbed end, the overall branching rate at 146 the focus isγ i branch . Instead of using a constantγ i branch as in [17] , we can take changes 147 in the counteracting membrane forces into account. For this, we assume that the becomes proportional to the treadmilling velocity v i T (t), hence,γ i branch (t) = φv i T (t).
150
Following Mogilner and Edelstein-Keshet [16] , this velocity depends on the number of 151 barbed ends and the membrane force that opposes the outgrowth of the filament:
.
The respective branching rate can be calculated as
Hereby, k on δa is the free polymerization velocity, where δ is the length of an actin 154 monomer, k on the barbed-end monomer assembly rate, and a the concentration 155 profilin-ATP-actin available for polymerisation. As we are not modelling plasticity recycling process explicitly (compare [17] , see S1 Appendix).
158
The free polymerisation velocity is attenuated due to a counteracting membrane 159 force according to the Brownian ratchet theory [20, 34] , which takes into account, the 160 absolute temperature T , the Boltzmann's constant k B and the force F i mem (t) working 161 against polymerization which is generated by the membrane at the ith focus center.
162
This membrane-force-dependency of the branching rate generates a feedback between 163 the number of barbed ends and membrane shape.
164
Foci generation and removal 165 The activity of a focus is determined by its uncapped barbed ends, which can only 166 emerge from other uncapped barbed ends due to branching; hence, foci naturally 167 become inactive and removed as soon as they have no uncapped barbed ends left.
168
On the other hand, there must also be a mechanism that creates -or nucleates -169 new foci. In our model, the nucleation of a new focus i is implemented in two steps:
170
First, a two dimensional nucleation position denoted by a vector X i n (see Fig. 1C ) is 171 selected in the following way: To take into account the assymetrical form of the spine 172 head, we generate a set of 1000 uniformly distributed candidate points inside the spine. 173
From this candidate set, we sort out all points that are not within a distance of 0.1µm 174 from the membrane and that are within 0.1µm from the PSD (based on experimental 175 observations in [19] ). Then, one of the remaining n cand points j is selected with
, which depends on the distance from the PSD 177 d j via a scale parameter λ. For λ → 0 + nucleation near to the PSD is favored whereas 178 for λ → ∞ the distance to the PSD has no influence.
179
Second, the primary nucleation direction is randomly selected as the vector pointing 180 from X i n to one of the membrane points that are within 0.1µm. The position of the 181 selected membrane vertex k is referred to as the center of the focus X i c := x k . As the 182 foci are relatively short-lived, we assume that this direction does not change over the 183 lifetime of the focus.
Actin-generated force 185 As in Mogilner and Oster [21] we take the propulsive force generated by actin 186 polymerization to be proportional to the number of uncapped barbed ends within each 187
focus. This force is assumed to be acting around the center of an actin polymerization 188 focus, hence, the membrane vertex at position X i c . However, as F-actin at the foci is a 189 spatially extended structure, the number of barbed ends B i at the ith focus also affects 190 nearby vertices. We model this by a Gaussian spatial kernel
with an amplitude α and standard deviation σ. The resulting force vector at the vertex 192 k (located at x k ) is given by
with n f being the number of currently active actin foci and
normalized direction vector of the force from focus i.
195
Membrane force 196 Biological membranes, such as the one confining the spine head, exert forces to resist 197 deformations, especially against being excessively bent or stretched. These forces 198 generated by the membrane (described by a manifold Γ) can be derived from the 199 (Helfrich) free energy [35] given by
where the membrane's physical properties are characterized by the difference between 201 internal and external pressure P , the line tension (or surface tension in 3D) τ , and the 202 bending modulus κ. Ω is the area enclosed by the membrane (or volume in 3D), S is properties Ω, S and H can be derived from the coordinates of the vertices in our 205 discrete mesh describing the membrane shape (see S2 Appendix). The membrane force 206
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vector F mem (x k ) at vertex k is given by
On our discrete mesh, the geometrical properties Ω, S and H and hence the resulting 208 force can be approximated for each vertex by taking its next neighbors in the mesh into 209 account (see S2 Appendix). Note, however, the approximations of the geometrical 210 properties are only valid when the mesh is dense enough. Therefore, if the vertices move 211 too far apart from each other, our mesh has to be refined (remeshing, see below).
212
Together with the fixed spine neck and PSD vertices, these forces of the membrane 213
itself give rise to a characteristic "resting shape", to which the spine converges in the 214 absence of other forces to minimize area, length and curvature (see, e.g., Fig. 4A for 215 rest shapes resulting for different PSD-sizes).
216

Membrane movement 217
In the presence of both actin and membrane generated forces, the spine shape is 218 determined by a balance between them. If the forces are unbalanced at one of the mesh 219 vertices, they will generate a movement of that vertex and deformation of the membrane. 220
For simplicity, we here assume that the motion of the vertex k is proportional to the net 221 force with a proportionality constant ζ. The displacement of vertex k in time is given by 222
Also this equation is implemented in discrete time-steps. For this we use a classical well the lifetime of the focus were tracked. In order to compare the outcomes of these simulations with theoretical expectations, we also derive the rate equations for this simple system. Assuming that a focus has B filaments with barbed ends, which divide into m c filaments with capped and m u filaments with uncapped minus ends, we obtain
Asγ branch (t) in turn depends on B, these equations are highly nonlinear and have been 232 solved for their stationary state numerically.
233
2D Model
234
Simulations are performed in MATLAB on a desktop computer. Table 1 contains the 235 parameters used in the simulations, unless stated otherwise. We first initialize the mesh 236 by tracing a circle with equidistant vertices of δ s , then the vertices of PSD (neck) as 237 described in Section Membrane mesh initialization and morphological constraints. We 238 then simulate an initialization period in which the mesh points x k move considering 239 only the force generated by the membrane. Thus, during this initialization period the 240 spine shape shrinks until it reaches a stable configuration, which we refer to as the 241 resting shape.
242
As discussed above, the finite elements approximations of the geometrical properties 243 are only valid when the mesh is dense enough. If the vertices move too far apart from 244 each other these properties are lost, and therefore, the mesh has to be redefined. Thus, 245
we perform remeshing at each timestep by calculating the distance between two 246 neighbouring vertices and remove one if the distance between them is below After finding the resting shape configuration of the dendritic spine, we include actin 249 dynamics and forces in the simulation (Sec. Actin dynamics at individual foci and Sec. 250
Actin-generated force). For this, initially, n f0 actin polymerization foci are inserted as 251 described in Section Foci generation and removal and the generation of new foci is 252 enabled. Note, the indicated simulation times start after the initialization phase. During 253 the simulations (Fig. 3) we track the spine shape by saving the mesh regularly as well as 254 the spine area, which is recorded every time step. To assess the influence of different 255 model parameters ( Fig. 4-10 properties of the finite elements approximation. Thus, remeshing is implemented using 267 the MATLAB function remeshing.m [37] , that is based on OpenMesh [38, 39] . The barbed end can be generated by branching anymore and the focus is dynamically dead. 286
As a result all foci have limited lifetime. We also tracked this lifetime at different 287 counteracting forces and find that it decreases when increasing the force (see Fig. 2D ). 288 We finally evaluated the relation between the mean number of foci and the lifetime for 289
varying forces and find, as expected from the above reasoning, that foci with more 290 barbed ends live longer ( Fig. 2E ). The dependency of mean number of barbed ends (Fig. 2C ) and lifetime of a focus 292 (Fig. 2D ) on the membrane force can be explained by the fact that increasing F mem 293 decreases the treadmilling velocity v T ; and hence, the branching rate (see Eq. 2).
294
Accordingly, the mean number of barbed ends is smaller and the distribution is shifted 295 towards smaller numbers of B ( Fig. 2B-C) . This increases the probability of being at 296 B = 1, and, in turn, the probability to reach zero barbed ends. Consequently, the lifetime of these actin polymerization foci decreases when increasing the counteracting 298
force. This relation between membrane force and focus lifetime indicates that the spine 299 shape, which determines the membrane force, influences magnitude and the temporal 300 properties of the shape fluctuations.
301
Shape-fluctuations of the spine 302
In the next step, we studied the interplay between the membrane and actin forces. For 303 this, we simulated the full model with multiple actin polymerization foci distributed 304 within a spine head (Figs. 3A-B) . We initialized the model with four of such foci, that 305 push the spine membrane outward. However, as the lifetimes of foci ( Fig. 3C and G) are 306 much shorter than the lifetime of spines, which can persist over months [40] , there must 307 be a focus creation mechanism (i.e., nucleation of new actin polymerization foci)
308
Without such a nucleation mechanism all foci quickly reach zero barbed ends (in less 309 than 9 seconds in Fig. 3G ) and the spine returns to the resting shape (gray line in 310 Fig. 3B ). Moreover, also spine area fluctuations cease (gray line in Fig. 3D ). We 311 therefore included a foci creation mechanism where new foci are created at the 312 beginning of each time step at a rate γ f . As it is not clear where such nucleations 313 happen, we also introduced a distance parameter λ which allows us to scale continuously 314 between focus nucleation everywhere within the spine and nucleation close to the PSD, 315 as suggested by [19] . The influence of this parameter on the emerging shape fluctuations 316 will be investigated in detail later (see Sec. Nucleation rate γ f and location λ).
Figures 3 A and B (blue line) show the resulting shape dynamics of the spine in our 318
model. The proposed nucleation mechanism together with the short lifetimes of 319 individual foci allows the spine to have different asymmetric shapes over time, which are 320 qualitative similar to the experiments [27] . Note that during the depicted time interval, 321 several foci have died out and several others have been nucleated (Fig. 3E) , which also 322 induces major fluctuations in the number of barbed ends (Fig. 3F) . In general, we they are generated by the stochasticity of the molecular dynamics of actin filament assembly, which eventually leads to the die-out of a focus. Therefore, it can be expected 328 that these dynamics as well as the mechanics through which they interact with the 329 membrane (see previous section) will have a major impact on the emerging fluctuation. 330 
Influence of model parameters 331
In order to better understand how spine size fluctuations are affected by the dynamics 332 of actin and the interplay between forces generated by actin polymerization foci and 333 spine membrane, we investigated the effect of varying multiple model parameters. For 334 this, we used the parameters in Table 1 and increased or decreased the value of one 335 selected parameter at a time.
336
Size of the postsynaptic densitiy 337 First, the spine size was varied by changing the size of the PSD (r P SD , see 338
Sec. Membrane mesh initialization and morphological constraints). If the radius of the 339
PSD is enlarged to r P SD = 0.4330, this also affects the distance between PSD and neck 340 and alters also the resting shape of the spine ( Fig. 4A -C, black line). Accordingly, the 341 mean spine area, evaluated over 90 minute simulations of individual spines, increases 342 with the PSD size ( Fig. 4G, pale bars) . To test whether this tendency is significant, we 343 performed a Welch-test comparing the mean spine areas in fifteen 15 minute simulations 344 for each PSD size (Fig. 4G , full colored bars). We find that at least the small PSD size 345 (set to r P SD = 0.2179) gives rise to significantly smaller mean areas. Moreover, 346 although the medium PSD-size spine from the 90 minute simulation shows a smaller 347 area standard deviation than the 90 minute simulations of spines with different 348 PSD-size ( Fig. 4H, pale bars) , multiple simulations show that the area standard deviations are similar. We also evaluated how quickly the autocorrelation function of the area fluctuation decays (Fig. 4I ). Here, we found that the area of spines with large 351 PSD-size is temporally longer correlated to itself, indicating that the fluctuations occur 352 more slowly. One reason for this might be that the membrane forces typically decrease 353
for larger spines such that the decay back to the rest shape happens more slowly.
354
Interestingly, the autocorrelation for spines with medium PSD size decays even faster 355 than that for small PSD size. This may be due to the fact that the actin polymerization 356 foci in spines with smaller PSD tend to last longer (Fig. 4L) . (locations marked by circles in Fig. 4C .II). Moreover, the curvature near these foci is 362 large, such that the force generated by the membrane is higher decreasing the branching 363 rate; and hence, the lifetime of those foci. of φ enlarges the mean spine head area significantly (Fig. 5D , p-value for significant the spine area ( Fig. 5A and D) . This relation between the mean area and φ can be 371 explained by the fact that spines with a larger value of φ also have more barbed ends at 372 the actin polymerization foci (Fig. 5G ). Due to this increased number of barbed ends, 373 the polymerization foci of those spines tend to last longer (Fig. 5I) . As a consequence, 374
there are more actin polymerization foci for spines with a larger branching rate 375 amplitude ( Fig. 5 H) , which push the membrane outwards and increase the area. A 376 similar picture emerges for the magnitude of the fluctuations measured by the standard 377 deviation (Fig. 5E ) of the area as well as for the timescale of the autocorrelation decay 378 (Fig. 5F ). Especially for large values of φ we observe a significantly larger standard 379 deviation (Fig. 5E ) and a slower autocorrelation decay (Fig. 5F ). This fits well with the 380 idea that the polymerization foci are more long lived; and therefore, push the membrane 381 outward for longer times leading to larger area deviations. We conclude that an increase 382 of φ enlarges the mean, the standard deviation and the autocorrelation decay timescale 383 of the spine area fluctuations due to an increase of the lifetime of actin polymerization 384
foci. However, a decrease in φ by the same magnitude does not affect the spine area to 385 the same degree, which highlights that the underlying processes are subject to nonlinear 386 interactions. Besides the number of barbed ends at the actin polymerization foci, the actin generated 389 forces on the membrane and the resulting deformations of the membrane are also 390 determined by the lateral spatial extent of actin filaments (σ in Eq. (3) ). When the 391 lateral extent is small, the width of the bump that a focus causes in the membrane is 392 narrow. The shape of this bump has a direct effect on the geometrical properties of the 393 spine membrane around the focus. For example, a narrow protrusion has a greater curvature, which produces an increase in ||F mem || working against this deformation.
This entails a decrease in the branching rate as well as in the number of barbed ends 396 ( Fig. 6G ) and leads to less active foci with a shorter lifetime ( Fig. 6H and I) . This 397 shorter lifetime of foci also implies that foci push the membrane for shorter time such 398 that the variations in the spine area become smaller (Fig. 6E ) and decay faster (Fig.   399 6F). The conversion factor between force imbalance and movement ζ can be expected to have 402 a strong influence on the magnitude of spine shape change per time step. Judging from 403 the dynamics shown in Figure 7A -C, the area fluctuations also seem to be much faster 404 when increasing ζ. However, this is mostly due to an increase in the amplitude of the 405 fluctuations ( Fig. 7E) whereas the timescale of the autocorrelation decay remains 406 relatively constant. Note as an increase of ζ enhances spine fluctuation extent, it also 407 affects the membrane geometrical properties, the membrane force and, hence, the 408 barbed end branching rate. This leads to less barbed ends ( Fig. 7G ) and a reduction of 409 the foci lifetime (Fig. 7I) . Still, in sum, spines with different values of ζ have similar 410 mean area over time (Fig. 7 D) . Nucleation rate γ f and location λ
412
Besides the parameters that influence force generation and translation to movement, 413 also the parameters of the nucleation mechanism proposed in Section Shape-fluctuations 414 of the spine can have a strong influence. First, we vary the nucleation rate γ f at an 415 intermediate value of the PSD distance scaling parameter λ. As expected, an increase in 416 γ f raises the number of actin polymerization foci and the spine area over time (Fig.   417 8H). This leads to a significant increase in the mean area and a trend towards 418 increasing standard deviations ( Fig. 8D-E ). Although these foci have slightly shorter 419 lifetimes (Fig. 8I) , the decay of the autocorrelation remains at the same timescale (Fig. 420   8F) . The main reason for the reduction of foci lifetime is the feedback between the 421 number of barbed ends and the branching rate in Eq. (2). If B increases then γ branch 422 decreases ensuring a limited number of barbed ends at the actin polymerization foci. The location for the polymerization of new foci depends on the distance from the 424 PSD scaled by parameter λ, as stated in Section Simulation. For larger values of λ, the 425 nucleation points are more likely located more distant to the PSD and the spine mean 426 area is larger due an increase in the lifetime of the actin foci (Figs. 9 E-I). We speculate 427 that this can be explained by the fact that for small λ all foci nucleate close to the PSD. 428
Hence, all foci push outward the same small fraction of the membrane, which thereby 429 assumes a strong curvature. This, in turn, leads to a strong counteracting force and 430 hence a shorter lifetime of the foci.
431
In conclusion, we find that geometrical constrains as well as parameters related to 432 actin filament assembly, force generation and focus nucleation have a strong influence 433 on the emerging fluctuation. We summarized the most prominent effects in Table 2 . 
denotes a tendency to increase (decrease) the mean area, standard deviation or foci lifetime whilst ⇑ (⇓) indicates a significant increase (decrease).
Influence of parameter variation on spine area 435
After evaluating the influence of the individual parameters, we investigated whether 436 there are general relations between the evaluated quantities that are preserved over all 437 these variations. To investigate this, we used the fifteen 15 minute simulations for each 438 parameter variation and plotted the values of mean area, focus lifetime and mean 439 number of foci for each of these individual simulations against each other. On the one 440 hand, we find that spines with greater mean area over time, have larger mean foci 441 lifetimes ( Fig. 10A ). However, spines with smaller mean area can also have long-lasting 442 foci when the force generated by the membrane is not affecting the branching rate 443 strongly. For example, when the focus nucleation rate γ f is high or the movement speed 444 ζ is small. On the other hand, there is a positive correlation between the mean number 445 of actin polymerization foci and spine mean area (10B), which has also been found in 446 experimental data from [19] . These results imply that the macroscopic spine area 447 fluctuation is heavily relying on the stochastic dynamics of the actin polymerization foci 448 and filament dynamics therein. Correlation of the number of foci and spine area fluctuations 450 Although the spine shape is determined by a complex interplay between forces emerging 451 from actin activity and the geometrical properties of the membrane, the above described 452 correlations indicate that there is a strong link between spine area and its 453 polymerization foci. Therefore we investigated whether the number of polymerization 454 foci at each time-step can be used to predict not only the mean but also the time-course 455 of the spine head volume/area, which is commonly measured in experiments. As the 456 expanding force in our model comes from the actin foci, we first tested whether there is 457 a relationship between number of actin polymerization foci and the spine head area. To 458 quantify this, we tracked the area and the number of foci throughout a 90 minute 459 simulation of a spine (Fig. 11A ) and evaluated the correlation between these quantities. 460 We found a significant correlation, but with a very small correlation coefficient 461 ( Fig. 11B) . When examining the time courses in Figure 11A , we see that when there is 462 no focus the area shrinks to a state close to the resting shape area and a slight increase 463 in area when the number of foci increases. Hence, we also investigated the relationship 464 between the actin foci and spine area changes ∆area ( Fig. 11C ) and found that there is 465 indeed a significant correlation with a high correlation coefficient between these 466 quantities. Thus, we constructed a simple model that predicts the area of a spine using 467 only the number of foci at a given time-step. Apart from the area change being 468 proportional to the number of foci, we also included a mean retrieval that drives the 469 area back to the area of the Helfrich resting shape area A s . In particular, an estimator 470 A for the spine area A at each time step t j can be recursively calculated by the 471 following model 472
where the term mn f (t j ) + b accounts for the change of area that scales linearly with the 473 number of actin polymerization foci n f at time t j and Φ represents a decay rate to the 474 resting area A s , which we extracted from our simulations. The model parameters m, b 475 and Φ from Eq. (8) and the initial area A(t 0 ) were fitted using the nonlinear least 476 square method and the area trace of Figure 11A from minute 1 to 60 ( Fig. 11 minute 60 to 90, RMSE = 0.0652). Moreover, it could even be applied to a different 485 simulation with the same parameters ( Fig. 11F , RMSE = 0.0822). Note that the 486 estimator error increases in periods with large areas (Fig. 11E,G) , which may be due to 487 the fact that the relation between foci and the change in area may be nonlinear 488 (compare Fig. 11C ). Nevertheless, we can conclude that area fluctuations can be 489 predicted very well from the number of actin polymerization foci. This again underlines 490 a strong link between the microscopic stochastic dynamics at the actin polymerization 491 foci and the macroscopic area fluctuations. to study the relation between molecular and morphological properties of the spine.
522
The proposed model is, to our knowledge, one of the first to reproduce the rapid 523 asymmetric shape fluctuations ( Fig. 3 ) observed in experiments [27] . These asymmetric 524 shape fluctuations result from local imbalances between forces generated by membrane 525 deformation and forces generated by the barbed ends in active actin polymerization foci. 526
Strikingly, these foci have a limited lifetime due to the stochastic nature of the actin 527 filament dynamics. Thereby, the stochasticity of actin dynamics is also transferred onto 528 the spine shape and size, which is evidenced by the fact that the number of active foci 529
can predict the spine area (Figs. [10] [11] . Our model predicts that the focus lifetime is 530 inversely proportional to the force generated by the spine membrane (Fig. 2) , which 531 caused by a feedback between this force and the branching rate. This mechanism, thus, 532 couples geometric properties and molecular dynamics, and links the dynamics of 533 multiple foci via the membrane.
534
Due the limited lifetime of the actin polymerization foci, we proposed a nucleation 535 mechanism due to which foci are stochastically generated at different locations in the 536 spine. The generation rate and the initial location of these new foci have a great impact 537 on the evolution of spine area over time. For example, an increase of the nucleation rate 538 causes increases of the mean spine area and its standard deviation (Fig. 8 ).
539
Interestingly, foci generated with fast nucleation rate also tend to have a shorter lifetime 540 evidencing a saturating mechanism or self-regulation (compare [13] ). Moreover, we used 541 our model to test the influence of the nucleation location of these foci. Experimentally, 542
it has been observed that actin foci are mainly located at the tip of the spine [18, 19] and the branching protein Arp2/3, which is necessary to build branched actin filaments, 544 is mainly located in a doughnut-shaped zone around the PSD [41] . Such a constraint on 545 the nucleation location of polymerization foci also has a strong impact on the shape 546 fluctuations of our model-spines ( Fig. 9 ): When foci nucleate closer to the PSD, they 547 tend to last for shorter time intervals such that the mean number of foci is smaller 548 which, in turn, reduces the mean area of the spine. This demonstrates that changes in 549 the polymerization activity can be caused only by differences in geometry without 550 changing any reaction rates..
551
Furthermore, we observed that, despite the change of shape, the spine area always 552 fluctuates around a mean value, in agreement with experimentally observed spine 553 fluctuations on short timescales [27] . However, this mean value, as well as the magnitude 554 and timescale of the fluctuations are affected by various model parameters. For example, 555
there is a strong influence of the PSD-size on the mean spine area ( Fig. 4 ) which is in 556 line with the experimentally observed correlation between these quantities [42, 43] .
557
Similarly, reducing the branching rate in our model by decreasing φ leads to a decrease 558 in the mean and standard deviation of spine area (Fig. 5 ), which is in line with findings 559 that the branching factor Arp2/3 is necessary for spine enlargement and maintenance of 560 spine morphology [44] . Furthermore, an increase of the movement speed parameter ζ 561 leads to a increase in spine area standard deviation ( Fig. 7) , which has been similarly 562 observed experiments that artificially decreased the density of the extra-cellular matrix 563 in visual cortex [45] . Overall, these results indicate that the mean spine size as well as 564 the magnitude and timescale of spine shape fluctuations are regulated by the properties 565 of the underlying molecular processes (e.g., reaction rates, force generation). Therefore, 566 our model can represent a broad variety of different fluctuation characteristics as 567 observed in experiments through different parametrizations.
568
In the future, the model can be extended in various directions: On the one hand, the 569 shape fluctuations may, on longer timescales, influence the model parameters such as 570 PSD size, molecule concentrations and reaction rates. Hence, the mean area around 571 which the spine fluctuates as well as other fluctuation characteristics could be 572 continuously adapted giving rise to a slower feedback-loop (compare [9] and [13] ). On activity-dependent plasticity (LTP/LTD) by explicitely modelling the actin recycling 576 pathway that is modulated during plasticity (compare [17] ).
577
In conclusion, the here proposed model can serve as a basis to investigate the 578 relation between microscopic properties like molecular dynamics, membrane geometry 579 and emerging properties as spine volume fluctuations. As such it can be extended into 580 various direction.
581
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